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Connectivity properties of group 
actions on non-positively curved spaces II: 
The geometric invariants 

by 


Robert BieriQ and Ross Geoghegan^ 


Introduction 

This Part II continues our paper [BGj], but we have made it as independent of 
that paper as possible. The reader familiar with the self-contained essay on hnitary 
sheaves and hnitary maps which is §4 of [BGj] can read this second paper with 
occasional references back to [BGj] for some details and analogies. A full outline of 
the present paper is found in §10 below. 

Let G be a group, let M be a simply connected “non-positively curved”, i.e. 
GAT(O), metric space, and let p : G —>■ Isom(G) be an action of G on M by isometries. 
In our previous paper [BGj] we introduced, when G is of type Fn, a property of the 
action p which we called “controlled (n — l)-connectedness”, abbreviated GG”“^. 
This property was dehned in terms of the hltration of M by the balls Br{a) centered 
at some base point a E M together with a free contractible G-GW-complex over M. 
In the present paper we pay attention to the points at inhnity, i.e. the “boundary” 
dM of the space M. For each point e G dM we introduce a new property of the action 
p, analogous to GG""^ but dehned using the hltration of M by horoballs centered 
at e rather than by the balls Br{a)-, we call this “GG”“^ over e”. Whereas in the 
previous situation the property GG""”^ was independent of the base point a G M it 
will now depend in a delicate way upon the point e G dM. Therefore the subset of 
dM 


■.= {eedM\p is GG"-^ over e}, 

becomes interesting in its own right, and in this paper we investigate its structure. 

*The first-named author was supported in part by a grant from the Deutsche 
Forschungsgemeinschaft. 

Whe second-named author was supported in part by a grant from the National Science 
Foundation. 
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The isometric action p of G on M induces a topological action of G on dM when 
dM is given the (compact) “cone” topology^ and S”'(p) is invariant with respect 
to this action. However, it may happen that the closure, c\QM{Ge), of an orbit 
Ge C E"'(p) does not he in S"'(p). Dehne 

S”(p) := {eedM\ cW(Ge) C E"(p)}. 

O 

There are important instances in which E ""(p) = E"'(p) but when that is not the case 

O 

E”'(p) is easier to compute. In more detail: 

O 

• If dM is given the Tits distance topology then E"'(p) is an open subset^ of 
dM. In fact, {(p, e) | e G E"'(p)} is open in Hom(G, Isom(M)) x dM. See 
Theorem F. 

• The set {p | E”'(p) = dM} is open in Hom(G, Isom(M)). See Theorem G. 
Note that, for such p, E"(p) = E"(p). 

• If M is almost geodesically complete then E”(p) = dM if and only if p is 
uniformly GG'^~^ in the sense of [BGj]. See Theorem H. 

O 

• There is a description of E"'(p) in terms of a dynamical condition on any free 
contractible G-GW-complex X over M; see Theorem E. This is the key to all 

O 

our results on E”(p) and can be used to compute E”(p) in specihc cases. 

When M is Euclidean space IE™ then dM is a sphere 5™“^ and the two topologies 
on dM coincide; if the G-action p on M = IE™ is by translations then the induced 
action on dM is trivial. In this situation our results were previously known: the two 

O 

sets E"'(p) and E”(p) coincide and have a description in terms of the homotopical 
geometric invariant E”(G) of the group G, on which a considerable literature exists. 
More specihcally, if we take M to be the vector space G/G' IR endowed with an 
inner product, and p to be the action of G on M given by left translation then E’*(p) 
has a direct interpretation as E”(G). See Theorem I. E”'(G) has been computed in 
many cases: see §§10.6 and 10.7(A). Explicit computation of E"^(p) in non-Euclidean 
examples is still in its infancy, but we will be able to comment on the natural action 
of G = ‘^\j 2 {'ZZs), S a natural number, on the hyperbolic plane (§10.7(B)), and we 

O 

compute for all actions p of G on locally hnite simplicial trees (§10.7(G)). 

^^The space dM has two topologies: the usual compact “cone” topology and the “Tits distance” 
topology which is usually not compact but is complete and CAT(l). See §11 for details. 

O 

^^The set S"(p) is not, in general, open in the cone topology; see the Remark following Theorem 
F in §10. 
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The ideas in this two-part paper have evolved over the past twenty years. 
was hrst introdnced in the special context of metabelian gronps G in [BS 80] as 
a tool to characterize hnite presentabilityp^ of G. For arbitrary groups G, S^(G) 
was introduced in [BNS 87] and subsequently S”'(G), n > 2, appeared in [BR 88] 
and [Re 88, 89]. Although these “geometric invariants” were dehned for arbitrary 
groups G of type they only referred to translation actions on Euclidean spaces, 
and so G was tacitly assumed to have inhnite Abelianization GjG'. The present 
work emerged when we tried to extend the scope of the theory to genuinely non- 
commutative actions. Not only the theorems but also the rather involved techniques 
concerning hnitary maps and their sheaves have precursors in these earlier stages. 

The numbering of sections and footnotes in this paper continues that in [BGj]. 


^^Precisely: a finitely generated metabelian group G is finitely presented if and only if for every 
point e on the sphere at infinity either e S S^(G) or —e G E^(G). 
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10 Outline, Main Results and Examples 


10.1 The boundary of a CAT(0)-space. Let {M,d) be a proper CAT(O) space. 
A geodesic ray in M is an isometric embedding 7 : [0, cx)) —> M. Two geodesic rays 
7 , 7 ' are asymptotic if there is a constant r G IR such that d{'y(t),'j'(t)) < r for all t. 
The set of all geodesic rays asymptotic to 7 is called the endpoint of ■y and denoted 
e = 7 (cxd). The collection of all endpoints of geodesic rays form the boundary dM 
of M. Since d is proper it is complete, so (see [BrHa] or [Ho 97]) for every pair 
(a, e) G M X dM there is a unique geodesic ray 7 : [0, cx)) —> M with 7 ( 0 ) = a and 
7 (cx) = e. Hence there is a natural bijection between DM and the set of all geodesic 
rays emanating from a base point, and DM acquires the compact-open topology of 
the latter via this bijection. This topology, which is independent of the choice of 
a, is compact and metrizable. It is called the cone topology. An action on M by 
isometries induces a topological action on dM. dM is assumed to carry the cone 
topology except when another interesting topology, the Tits distance topology (see 
§11.4), is explicitly mentioned. 

Associated to each geodesic ray 7 of M is its Busemann function : M —> IR (see 
§11.2) and for each s G IR the associated horoball HBs{y) := /5“^([s, cxd)). Horoballs 
“centered” at 7 play a role analogous to that of balls centered at a G M. Indeed, 
HBs{y) = clM(U{-®i-s( 7 (^))k < t})- Horoballs are contractible. 

10.2 over end points. In parallel with §2.2, M is a proper CAT(O) 

space, G is a group, X'^ an n-dimensional (n — l)-connected free G-CW-complex 
such that G\X'^ is hnite, p : G ^ Isom(M) is an isometric action and h \ X ^ M 
is a control function (i.e. a G-map). We pick a geodesic ray 7 : [0, cx) —> M and 
its endpoint e = 7 (cx), and we write X(^.y^s) for the largest subcomplex of X lying in 
h~^{HBs{y)). We say that X is controlled {n — 1)-connected (GG”“^) in the direction 
7 (with respect to p) if for any horoball HBa{y) and —1 < p < n — 1 there exists 
A > 0 such that every map f : ^ ^( 7 , 5 ) extends to a map / ; B^~^^ X(^.y^s-x)- 

The number A depends on the horoball HBs{y) and is called a lag. In what follows, 
the lag will often turn out to be constant (i.e. independent of HBs{y); dependent 
only on e), and then we will speak of a constant lag. When p = —1 this says that 
each A(..yis non-empty. 

The property “X is GG”“^ in the direction 7 ” is shown in §12.1 to be a property 
of the endpoint e rather than the ray 7 . Moreover we have an Invariance Theorem 
(Theorem 12.1) as in [BGj] which shows that this property is also independent of 
the choice of X and of h, i.e., it is a property of the action p. So, if X is GG"^“^ in 
the direction 7 we will say that p is GG”“^ over (or in the direction) e = y{oo). 

So far the two conditions GG'^”^ over points a G M, defined in §2.2, and endpoints 
e G dM look strictly analogous. But there is a striking difference in their behaviour 
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with respect to changing a or e: if p is CC^ ^ over some a G M it is also CC'^ ^ 
over any other point of M. Not so for the property CC'^~^ over e G dM. Hence it 
becomes interesting to study the subset of dM 

S”(p) = {e I pis over e}. 

Following the tradition of [BS 80], [BNS 87], [BR 88 ] and [Re 88 , 89] we call this 
the (homotopical) geometric invariant of the action p. 

10.3 The dynamical subset. From the dehnition it is clear that if e G dM is 
in the geometric invariant S'^(p), so is the whole G-orbit Ge. The subset of S”(p) 

S"(p) = {e G dM\ cW(Ge) C S”(p)} 

deserves special attention. We call it the dynamical subset of S”(p) because the 
following theorem characterizes it in terms of a dynamical condition in the free con¬ 
tractible G-CW-complex X over M (with cocompact n-skeleton) of §10.2. In the 
spirit of §2.6 we call a cellular map 0 : X'^ X^ a contraction towards e G dM if 
there is a number e > 0 with 

j3^h(l){x) > j3^h{x) + e, for all x G X", 

where 7 : [0, cx)) —> M is a geodesic ray with 7 ( 0 x 3 ) = e. We have the following 
endpoint analogue of Theorem D; 

Theorem E. // p : G —Isom(M) is an action of a group G of type Fn on a 

O 

proper CAT(O) space M by isometries then the dynamical subset ofYX{p) can 

be characterized as 

O 

S"^(p) = {e|X" admits a G-finitary contraction towards e}. 

Note that S'^(p) = dM if and only if S"(p) = dM. The example of a Fuchsian 

O 

group acting on the hyperbolic plane (see §10.7(B)) shows that E”(p) and S'^(p) are 
in general different but they contain the same closed G-invariant subsets of dM. 

10.4 Openness results. The “angular distance” between two points e and e' of 
dM is the supremum over points a G M of the angle between the geodesic rays 7 
and 7 ' representing e and e' where 7 ( 0 ) = 7^0) = a. This is a metric on dM and the 
corresponding length metric is called the “Tits distance”, denoted Td{e, e'); see §11.4 
for full dehnitions. In general, the topology on dM given by Td is hner than the 
cone topology: i.e. Id: {dM,Td) {dM, cone topology) is continuous. The space 
{dM,Td) is a complete CAT(l) metric space [BrHa; III 3.17]. Two extremes are 
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represented by M = where the two topologies agree giving and M = IH^ 

where {dM,Td) is discrete while {dM, cone topology) is 

We have openness theorems involving both topologies on dM. The easier of 
these involves Tits distance. Recall from §7.1 that the function spaces Isom(M) and 
Hom(G,Isom(M)) are given the compact-open topology. With this understanding, 

O 

the condition “e G is open with respect to both p and e: 

O 

Theorem F. {(p, e) | e G S'^(p)} is open in Hom(G, Isom(M)) x dM when 

O 

dM carries the Tits distance topology. In particular, for fixed p, S"^(p) is open in 
{dM, Td). 

O 

Remark: In general, neither S”(p) nor S"^(p) is open in {dM,cone topology). If 
h is a non-trivial element of the free group of rank 2 and p is the action of G := {h) on 

O 

the Cayley tree T by covering translations, then E ”(p) consists of the two endpoints 
of the translation axis of h; this is not open in dT. For an example where TT’{p) is 

O 

not open see §10.7(B): that example also shows that S'^(p) is not always the interior 
of S”(p) in {dM,Td). We do not know if TT{p) is always open in {dM,Td). In the 
“classical” case of [BS 80], [BNS 87], [BR 88 ] and [Re 88 , 89] (discussed in §10.7(A)) 

TT{p) = S”(p) and is open in 

For a different and deeper openness theorem we need dM compact, i.e. the cone 
topology: 

Theorem G. If E is a closed subset of {dM, cone topology) then {p | C S”^(p)} 
is an open subset of }lom{G,lsom{M, E)). In particular, {p \ S”(p) = dM} is open 
in Hom(G,Isom(M)). 

Here, Isom(M, E) is the space of isometries of M which leave E invariant. 

10.5 Endpoints versus points in M. We come to a theorem which relates 
the CC^~^ property over all the endpoints e G dM to the property over a 

point a G M. This is the link between the present paper and [BGj]; it requires a 
mild assumption on M. The (proper) CAT(O) space {M,d) is geodesically complete 
if every geodesic segment [0, t] ^ M can be extended to a geodesic ray [0, cx)) —> M. 
We say the CAT(O) space (M, d) is almost geodesically complete if there is a number 
/i > 0 such that for any two points a,b G M there is a geodesic ray 7 with 7 ( 0 ) = a 
such that 7 ([ 0 , cx))) meets B^{h). A recent Theorem of P. Ontaneda shows that this 
property is often guaranteed in cases of interest. 
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Ontaneda’s Theorem. [On] Let M he a non-compact proper CAT(0)-space such 
that Isom(M) acts cocompactly. A sujficient condition for almost geodesic complete¬ 
ness is that the cohomology with compact supports H*{M) be non-trivial. This con¬ 
dition is satisfied whenever some subgroup o/Isom(M) acts cocompactly with discrete 
orbitd^. 

Theorem H. If p : G ^ Isom(M) is an isometric action on a proper and almost 
geodesically complete CAT{f))-space M then the following are eguivalent 

(i) S"(p) = dM 

(ii) p is uniformly CC"‘~^ over M. 


We do not know whether the assumption that M be almost geodesically complete 
is necessary in Theorem H. It is not needed in the case n = 0, where the Theorem 
says that S°(p) = dM if and only if p is cocompact. It is an open problem as to 
whether there exists a non-compact CAT(O) space M which is not almost geodesically 
complete but admits a cocompact group action by isometries.^^ 

The proofs of Theorems E, F, G and H are completed in §15. 

10.6 Fixed points and the BNSR-geometric invariant. At this point we 
should relate our theory to the previous literature. Let S{G) be the sphere of non¬ 
zero (additive) characters on G modulo positive scalar multiplication: when y G 
Hom(G, IR) is a non-zero character we denote by [y] the point of S{G) represented 
by y. Identify IR with the group of translations of the Euclidean line and interpret 
y as a translation action of G on IR. The preferred endpoint of IR is cxo. Dehne 

S"(G) := {[y] G S{G) I y is GG^-^ over oo}. 

This is the homotopical geometric invariant of [BR 88] and [Re 88], and coincides 
with the invariant Tic of [BNS 87] when n = 1. 

Now we consider a CAT(O) space M with a specihed end point e G dM. We denote 
by Isom(M, e) the group of isometries which £x e. If / : M —M is an isometry 

^"‘Recently, D. Farley has shown that this condition is also satisfied if M (as above) is an 
complex with finite shapes (see [BrHa] for the relevant definitions). 

^^The conclusion of Theorem B (“cocompact and is an open condition) follows from 

Theorems G and H. This alternative proof of Theorem B has the disadvantage that it requires the 
(perhaps redundant) hypothesis that M be almost geodesically complete. It has the advantage of 
being technically simpler, in that dM (with the cone topology) plays the role previously played by 
the sphere of event radius R (§5.3): the compactness of this sphere is replaced by the compactness of 
dM. The reader who carefully compares these two proofs of Theorem B will see that this alternative 
proof is easier, avoiding most of the content of §§6.3, 7.3 and 7.4. 


7 



fixing e then / permutes the horoballs centered at e, and so 

for 7 a geodesic ray with 7 (cxo) = e and r G IR. It is not difficult to observe that the 
map r I— >■ r' is a translation of IR (see Proposition 11.3) so that we have a canonical 
map 


K, : Isom(M, e) —IR = Isom(lR, cx)). 

Thus every G-action p : G ^ Isom(M, e) induces a translation action Kp on IR - in 
other words, an additive homomorphism xp,e : G —IR. Moreover, the Busemann 
function : M ^ ]R is compatible with the actions p and np on M and IR, so if 
h : X —>■ M is the control function chosen in §2.2 with respect to p we can choose the 
composition h^. = : X —> IR as the control function for np. It is then immediate 

from the definitions in §10.2 that p is GG"“^ over e if and only if np is GG"""^ over 
oo. This proves 

Theorem I. Let p : G —y Isom(M, e) be an action fixing the point e G dM. Then 

O 

e G B”'(p) (or, equivalently, e G if and only if [np] G S”(G). 

□ 


A more intimate relationship between S”(p) and S"'(G) can be observed if M = 
is Euclidean fc-space and p : G —> Transl(E^) is an action on E^ by translations. 
Then dWf is a (A; —l)-sphere and is pointwise fixed by the G-action, so that e i—>• [Xp,e\ 
defines a map^ 

p-.dWf = ^(G) U{0}. 

Let N be the linear span of the orbit of 0, and let N' be its orthogonal complement 
in E^. Then dWf = dN * dN' is the join of great subspheres in cIE^. The trans¬ 
lation action p of G on E^ restricts faithfully to a translation action p^v on X, and 
S"(p) = TT{p]^) * ON' — 0 * ON'. The map p respects the join operation, is injective 
on dN and maps dN' to 0, so it maps S"(pjv) bijectively onto the intersection of 
S"(G) with the great subsphere {[x] | x(ker p) = 0} of *S'(G). Thus the invariant 
S”(p) is determined by E”(G). In the special case where p is cocompact and G acts 
properly discontinuously, p maps E’*(p) onto S”(G) homeomorphically. 

10.7 Examples. 

A) Actions by Euclidean translations. Let G be a group of type Th,n > 1, 
and M = G/G' E the real G-vector space endowed with a Euclidean metric. The 
action p : G ^ Transl(M) is induced by the left regular action of G on G/G'. dM 

U {0} is a quotient space of Hom(G, E), {0} is dense and g is continuous. 
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is a (fc — l)-sphere {k = dim]R(G/G'0 ]R)) which is pointwise fixed by p. Thus, by 
§10.6, we have 

S"(p) = E"(p) = S”(G') C S{G). 

The invariant has been computed in many specific cases. We outline two 

situations which demonstrate the subtle behaviour of TP{G). 

Al) Right angled Coxeter groups. Let T be a graph. The group G(r) is given 
by the presentation whose generators are the vertices of T subject to the relations 
that adjacent vertices commute. Every vertex v G ver(r) gives rise to the coordinate 
hemispheres C ^((^(r)) where 

■■= {Mix e Hom(G(r),lR),xM > 0}. 

Bestvina and Brady [BeBr 97] have shown that the diagonal character x • G'(r) — 
IR, defined by xi'^) = 1 for ^ ver(r), lies in E"'(G) if and only if the flag com- 
plexQ of T is (n — l)-connected. Meier, Meinert, and VanWyk [MMV 98] have 
extended this to a complete description of E"'(G(r)); it is a finite union of finite 
intersections of coordinate hemispheres. For a simple geometric approach to these 
results see [BuGo 99]. 

A2) Metabelian groups. A group G is said to be metabelian if its commutator 
subgroup G' is Abelian. For finitely generated metabelian groups G the invariant 
E^(G) has a handy description in terms of valuations on fields [BS 81] which can be 
used for calculations. In [BGr 84] it was used to prove that E^(G) is a rational poly¬ 
hedral subset of S{G), i.e., a finite union of finite intersections of open hemispheres 
with rational coordinate ratios for the spherical centres. It has been conjectured that 
in the metabelian case E”(G) is determined by E^(G); more precisely, writing E”(G)'^ 
for the complement of E”(G) in S{G), the Conjecture reads[^: G being of type 
F 


S"(Gr = {MeS(G)|x = ,\i + --' + Xt 

with k < n and each [xi] G E^(G)‘^} 

^^The flag complex of a graph is the simplicial complex whose n-simplices are the (n + l)-element 
sets of pairwise adjacent vertices 

The S^-Conjecture for metabelian groups G came up in 1988. It was based on the older FPn- 
Conjecture (A finitely generated metabelian group G is of type FPn if and only if every n-point 
subset of is contained in an open hemisphere; see [B 81].). Indeed, one can observe that if 

G ^ G ^ ZZ is a short exact sequence then the FP„-Conjecture for G implies the ^"-Conjecture 
for the rational points in S"(G) up to antipodality. 
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This conjecture has been verihed when the commutator subgroup G' is virtually 
torsion-free of hnite rank by H. Meinert [Me 96] and when G' is torsion and of Krull 
dimension 1 as a S G/ G'-module by D. Kochloukova [Ko 96]. Moreover, Kochloukova 
has also proved it for general split[^ metabelian groups and n = 2. We will see ex¬ 
amples in C) below. 

B) SL 2 (lR)-action on the hyperbolic plane. Let G be a discrete subgroup of 


S'L2(1R) (a Fuchsian group) and let p : G —> Isom(lH^) be the natural action of G on 
the hyperbolic plane IH^. If this action has a fundamental domain of finite area, then 
(see [BG 98]) the complement of S°(p) in cIlH^ is precisely the set of all parabolic 
hxed points of G; or, equivalently, the orbits of the points e G cIlH^ which lie on 


the boundary of a fundamental polygon. It is not difficult to observe that, in fact. 


S"(p) = Fl°(p) for all n. Since the action of G on has only dense orbits we have 


S ”(p) =0 for all n. 

A special case of a Fuchsian group is SL 2 {Z). If we use the upper half plane 
model for H^, the boundary is = lRU{cxo} and F‘^(p)'^ consists of the single 

orbit SL 2 {ZZ)oo =(QU{cx)} =:(Q. 

Let S = {pi,..., Ps} be a finite set of s (different) prime numbers in IN and let 2Zs 
be the subring of(Q generated by (piP 2 • • -Ps)”^- We let p : SL2(Zs) Isom(lII^) be 
the natural action of SL 2 (^s) on the upper half plane by Moebius transformations. 

This action has dense orbits so, by Theorem H, S ^{p) is empty or all of 9111^, and p 
is GG”“^ over oo G if and only if p is uniformly GG"“^ in the sense of §3. For 
this p we propose: 

Conjecture. 



Q if n> s 


0 


if n < s 


In particular 



0 


if n> s 


if n < s 


29 


i.e. the commutator subgroup G' has a complement in G. 
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The conjecture has been verihed in special cases, in particular for the case s = 1. 
Part of the interest of this conjecture has been discussed in Footnote 11, but it is 
now given in a sharper form. Eventually one would hope for a similar statement for 
SL 2 {Os) where O 5 is the ring of S'-integers in an algebraic number held. 

C) Tree actions. Let T be an inhnite locally hnite tree and let p : G ^ Isom(T) 
be a cocompact action of G by simplicial automorphisms. Then, by Bass-Serre theory, 
G is the fundamental group of a hnite graph of groups (T,^), where T = G\T and 
Q is the system of edge and vertex stabilizers along a fundamental transversal of T. 
The edge stabilizers are of hnite index in the vertex stabilizers since T is locally hnite. 
Following [B 98] we dehne the finiteness length of G [resp. Q] to be hG := sup{A; | G 
is of type Fk} [resp. flQ := inf{ flH \ H G Q}], and the connectivity length of a 
character y : G —IR to be cl(y) := sup{/c | k < hG and [y] G E^(G)}. In this 
case, flQ = RH for any H G G. 

We begin by noting three elementary facts. First, T is almost geodesically com¬ 
plete so we may apply Theorem H. Secondly, if the hxed point set {dT)^ is a proper 
subset of dT then it is either empty or a singleton; for if there are two singleton 
orbits then dT consists of just those points. Thirdly, any orbit consisting of more 
than one point is dense, so that its closure is dT. It follows that if S is the union 

O 

of closures of orbits—and T"'{p) is such a set—then S = dT or is a singleton or is 
empty. It is well known that RG < hG, so if {dT)^ = 0 then 

o I dT if 0 < n < h^ 

( 10 . 1 ) S"(p) = <^ 

0 if h^ < n < hG 


There remains the case when the G-tree T has exactly one hxed end e. For such 
a tree we have the associated non-zero character xp,e : G —IR of §10.6 measuring 
the shift towards e. Thus if n < RG, TT{p) is dehned, and by Theorems A and H, 
S”(p) = dT. In particular, e G S”(p) and therefore, by Theorem I, [Xp,fi\ ^ S”(G), 
implying n < c\{xp,e)- In summary: RG < cl(yp^e) < and 


(10.2) S"(p) = <^ 


dT 

if 

0 < n < RG 

{e} 

if 

RG <n < d(xp,e) 

0 

if 

d(xp,e) <n < RG 


By a non-trivial rooted G-tree we mean a (simplicial) G-tree with no hxed point 
and with a unique hxed end e (neither cocompactness nor local hniteness are assumed 
here). Every such G-tree p : G —Isom(T) has an associated non-zero character 


11 



Xp,e : G —>■ IR, defining an associated point [Xp,e] G S{G). When G is finitely 
generated then for any non-trivial locally finite rooted G-tree there is a (cocompact) 
Bass-Serre tree of an ascending HNN extension of G, i.e., 

(10.3) G= = e{b),beB), 

where 9 \ B ^ B is a.\i injective endomorphism and 9{B) has hnite index > 2 in 
so that the two trees have the same associated point of 5'(G); i.e. one associated 
character is a positive mnltiple of the otherQ. 

We will examine the parameters fl^, cl(xp,e) and flG occnrring in (10.2) when 
G belongs to a special class of finitely generated groups. For this, we define (for any 
character x : G —IR on any finitely generated group) 

m(x) := sup{fc I X 7^ xi H- ^ Xk with each [xi] G S^(G)‘^ - {[x]}}- 

Our special class is the class of finitely generated MFPR groups, i.e. metabelian 
groups of hnite Priifer rank. Recall that this means: the commutator subgroup G' is 
abelian with hnite torsion and hnite torsion free rank (dimQ(G' (^iQ) < cxo). For such 
groups there is no diherence between type and type FP^ ([BS 80, Theorem 5.4]). 
Both the E”-Conjecture and the FP„-Conjecture (see §10.6) are known to hold for 
MFPR groups ([A86], [Me 96]). Denoting the zero character by 0^ and an arbitrary 
character by x, these theorems can be restated in terms of the function m: 


(10.4) 


I hG = m(0G) 

[ cl(x) = min{m(x),m(0G)}. 


If G splits as in (10.3), the character Xp,e of the corresponding tree decomposition is 
given by xp,e{B) = 0 and Xp,e{t) = —1- According to [Me 96; Theorem 2.6], provided 
B is finitely generated, 

(10.5) hR = min{m(xp,e), m(-Xp,e), ^(Og)}. 

The requirement that B be hnitely generated is not a serious restriction if the 
MFPR group G is hnitely presented. In that case, for any non-trivial rooted G- 
tree corresponding to a decomposition (10.3) there is another such, having the same 
associated point of S'(G), in which B is hnitely generated [BS 78; Theorem A]^. 
Summarizing: in this nice case (G a hnitely presented MFPR group and B hnitely 
generated) (10.2) can be rewritten: 

^°More precisely, there is a G-invariant “superdivision” Ti of a G-invariant subtree T' of T (i.e. T' 
is a subdivision of Ti) such that G\Ti consists of one vertex and one edge. This T' := U{gA{h) \ g S 
G} where A{h) is the translation axis of a hyperbolic element h G G. There is always a hyperbolic 
element under these hypotheses. 

^^In fact there is a map of G-trees from the latter onto the former. 


12 



( 10 . 6 ) 




dT 

{e} 



if 0 < n < min{m(xp,e),"i(-Xp,e),m(OG)} 
if mm{m{xp,e),rn{-Xp,e),rn{QG)} <n 
< min{m(xp,e),"i(0G)} 
if min{m(xp,e,m(0G)} <n< m(0G). 


Since the definition of m{x) involves geometric features of the whole set it 

is only a slight exaggeration to conclude from (10.6) that one must know E^(G)'^ in 

O 

order to know the S "-properties of p. 

What can E^(G')'^ be? If G is a hnitely generated MFPR group, then a precise 
answer can be given; S^(G)'^ is a hnite set of rational points in S'(G); moreover, given 
k and any hnite rational subset A of there is a hnitely generated MFPR group G 
with S{G) = and S^(G)‘^ = A] and in order to ensure that G is hnitely presented, 
one simply chooses A so that it does not contain diametrically opposite points. See 
[BS 81; Example 2.6]. 

At this point we recall a theorem of K.S. Brown [Br 87jj] which implies^ that 
for any hnitely generated group G the image of the map p h->■ [Xp,e\ from the set of 
all non-trivial rooted G-trees into *S'(G) consists of all the rational points of E^(G)'^. 
It follows from our discussion that if we only consider G-trees as in (10.3) with B 
hnitely generated (call these “special”) then, provided G is hnitely presented, (i) 
there are enough special G-trees to map onto the rational points of S^(G)'^; (ii) those 

O O 

mapping to the same point have the same S "-properties, and (iii) the S "-properties 
of the various special G-trees are interdependent in a manner dictated by the location 
of the hnite set S^(G)‘^ in S'(G). 

A hnal remark: Among the choices of hnitely generated MFPR groups G and 
[x] G S^(G)'^ we always have m{x) = '^(Og) or m(0G) — 1 (and both can occur), 
but we can make m(x) and m(x) — m{—x) as large as we like by choosing k and A, 

O 

above, suitably. Thus, in (10.1) we can achieve S"(p) = 0 only when n = hG < oo, 

O O 

while we can achieve S"(p) = dT and S"(p) = {e} in arbitrarily large ranges of n. 

O 

We do not know if S "(p) =0 can occur in a larger range when G is not an MFPR 
group. 


^^Brown’s theorem asserts that E^(G)'^ consists of all [—Xp,e] such that p is a G-action on an 
IR-tree with no fixed point and a unique fixed end. For the rational points of S'(G), simplicial (but 
not necessarily locally finite) trees suffice. 
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11 Further Technicalities on CAT(O) spaces 

11.1 More on 9M. In order to relate the topology of the CAT(O) space M to 
that of its boundary dM we use the following notation^ A generalized geodesic ray 
7 : [ 0 , cxo) —> M is either a geodesic ray in the sense of § 10.1 or a geodesic segment 
[ 0 , /i] —M extended by 7 ([/r, oo)) = 7 (/i); it starts at 7 ( 0 ) and ends at 7 ( 00 ) := 7 (/i). 

Let R be the function space consisting of all generalized geodesic rays 7 : [0, cx)) —> 
M with the compact open topology, (i.e., uniform convergence on compact sets). 

Let M denote the disjoint union M U dM, and e : M the endpoint map 

^( 7 ) •= 7 ( 00 )- For o^-ch a ^ M the map £ has a continuous canonical section 

a a ■ M >—> R, where cra(e) is the unique generalized geodesic ray starting at a G M 
and ending at e G M. This shows that M with the quotient topology induced by e 
is homeomorphic to the subspace Ra ■= cra{M) = {7 G i?| 7 ( 0 ) = a} of R. Restrict¬ 
ing (Ja to the subspace M <Z M shows that the topology of M inherited from M is 
the topology given by the metric on M; and dM is homeomorphic to the subspace 
dRa := aa{dM) C R consisting of all geodesic rays emanating from a. 

Proposition 11.1. M is a compact metrizable space containing M as a subspace, 

dM = M — M is a nowhere dense subset and for every open setU C M, the inclusion 
U — dM > — U is a homotopy eguivalence. 

□ 

When a group G acts on M by isometries there is an obvious extension to an 

action of G on M by homeomorphisms: If e G dM is the endpoint of the geodesic 
ray 7 : [0, cx)) —> M, and g E G, then g'j is a geodesic ray and we put ge := {g'j){oo). 
The stabilizer of e G dM in G is denoted Ge- 

11.2 Review of Busemann functions and horoballs. Associated to a gener¬ 
alized geodesic ray 7 : [0, 00 ) —M is its Busemann function j3,y : M ^ JR dehned 
by 

= lim (d( 7 ( 0 ), 7 (f)) - d{b, 7 (f)), 6 G M. 

>00 

In the case when 7 (cxo) G M and fi is the smallest non-negative number with 
7 (h) = 7 ( 00 ) we hnd P-y{b) = — d{b,'j{fi)). In the case when 7 ( 00 ) G dM one 

shows, by the triangle inequality, that the map t ^ t — d{b,'y{t)) is monotone in¬ 
creasing and bounded above by d{'y{0),b), so P-y{b) is well dehned. 


^^For proofs of the assertions about CAT(O) spaces in this section see [BrHa]. 
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Proposition 11 . 2 . (a) If'y and 7' are generalized geodesie rays with the same 
endpoint then eonstant. In partieular the differenee — P^ih) 

depends only on a, b, and e = 'y{oo). 

(b) The funetion P : R x M ^ JR, Pfy,!) = P^ih) is eontinuous. 

□ 

If 7 is a generalized ray and s G H, then the (closed) horoball HBgpy) is 
/ 5 “^([r, cx))). When s > 0 this has a more geometric interpretation, namely 
HBP^) = c\M{^{Bt-s{l(t))\s < t}). If the ray 7 : [ 0 , cx)) M is degenerate 
with e = 7(cxo) G M and (i(7(0), e) = p then HBspy) is precisely B^_s{e). 

11.3 G-actions and Busemann functions. Let G be a group acting on M 
by isometries, and let 7 : [ 0 , cx) —M be a geodesic ray. For g & G and a G M 
we observe that P^{ga) — P^{a) depends only on g,a and e = 7 (x). So putting 
pe{g,a) := P^{ga) — P^{a) dehnes a map : G x M ^ JR. This map satishes the 
equation 

(11.1) pPgh,a) = pe{g,ha) +pe{h,a), g,heG. 

To see how pe{g, 0 ) depends on a we compute 

pe{g, a) - ppg, b) = p^iga) - p^{a) - p^{gb) + p^{b) 

= (/3g-i^(a) - p^{a)) - {Pg-^^{b) - p^{b)), 

where we have used the obvious fact that Pgxiga) = Px{.o). Now suppose g lies in the 
stabilizer Ge of e. Then g~^'y and 7 have the same endpoint and since Pg-iyp) — P^p) 
is constant we hnd pe{g, 0 ) = pe^g, b) for all g G Ge, a, 6 G M. By (11.1) we get: 

Proposition 11 . 3 . The funetion Xe : Ge —IR defined by Xeig) = P'yi.gcp — P-y^cp 
is an additive homomorphism. In other words, g-r := r + Xeig) defines a translation 
aetion of Ge on IR whieh makes the Busemann funetion p.y : M ^ JR a Ge-map. 

□ 

11.4 The Tits distance. We need some preliminary dehnitions. If A is a 
geodesic triangle in M with vertices a, b and c, and if A' is the comparison triangle 
in the plane, the angle at a in A is the Euclidean angle at a in A'; compare §2.1. 
The angle between geodesic rays 7 and 7' starting at the same point a G M is 
Aapi)l') •= sup { the angle at 7(0) with vertices xif) and p(t')}. The angular 

distanee between points e and e' of dM is Z(e,e') := sup{Za(7,7')} where 7 and 7' 

a&M 

(as above) represent e and e' respectively. This is a metric called the angular metrie 
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on dM\ it is bounded above by vr. The Tits distance, Td{e,e') between e, e' G M is 
the inf of lengths of rectihable (with respect to the angular metric) path^ in dM. 
These two metrics are complete and are locally isometric to one another. Hence 
they dehne the same topology on dM. The identity map {dM, Td) ^ {dM, cone 
topology) is continuous. The Tits distance gives rich structure to dM] in particular 
{dM,Td) is a complete CAT(l) space [BrHa; III 3.17] where “CAT(l)” is dehned 
in the same way as CAT(O) but using comparison triangles in S'^ rather than in the 
plane. 


there are no such paths the Tits distance is defined to be oo; this extension of the usual 
notion of “metric” causes no problems. 
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12 CC^ ^ over Endpoints 

12.1 Invariance Theorem. As in §3.1 M is a proper CAT(O) space, X is a free 
left G-complex with G\X'^ finite and p : G ^ Isoni(M) is a left action of G on M 
by isometries. By Proposition 3.1 we can choose a G-equivariant control function 
h:X^M. 

A decreasing filtration of X is a collection of subcomplexes {Kt)t£TR of X such 
that Kg 5 Kt whenever s < t. Filtrations {Kt) and {Lfi will be called equivalent if 
there is a constant p > 0 such that ^ Lt^ ^t+n for all t. 

The geodesic ray 7 dehnes a filtration of X by the subcomplexes {X(.^ ,,)|s G IR}, 
where X^^^g) is the largest subcomplex of X lying in h~^{HBg{'y)). The equivalence 
class of this hltration only depends on 7 ( 0 x 3 ) = e G dM since, by Proposition 11.2, 
X(.y/_q = X(..),^t+constant) wheu 7 ' is asymptotic to 7 . And it does not depend on the 
G-map h since, referring to Proposition 3.1, for any A G M h^^i^A) lies in hb^(the 
t-neighbourhood of A), where t = sup{(i(/ii(a;), h 2 {x))\x G X^}. Moreover, the prop¬ 
erty that X be GG"“^ over e is, in fact, also independent of the choice of X, so that 
it is really a property of the action p and the point e G DM. This is covered by the 
following more general Invariance Theorem 

Theorem 12.1. Let G he of type Fn, let Y be a cocompact n-dimensional 
{n — 1)-connected rigid G-CW-complex such that the stabilizer of each p-cell is of 
type Fn-p, p < n — 1. Let h: Y ^ M he a G-map and let e G dM. The property 
that Y he GG”"^ over e is independent of the choices 0 / 7 , of Y and of the control 
function h. 

The proof of Theorem 12.1 carries over, mutatis mutandis, from the proof of 
Theorem 3.3. 

In §10.2 we remarked that the lag A depends on the horoball HBgfiy). By Propo¬ 
sition 11.2, if 7 ' is asymptotic to 7 then HBgfij) = HBgfifi) for some s'. We mean 
that A is not a function of 7 and s but rather depends only on the set HBgfiy). 

12.2 CC”^ in all directions. Here we prove 

Theorem 12.2 The action p : G ^ Isom(M) is GG~^ in all directions e G dM 
if and only if p is cocompact. 

Proof. We may take n = 0 and consider a finite subset F C X° with GF = X^. 
If p is cocompact then there is a compact set G C M such that GG = M and 
h{F) flG 7 ^ 0. Since G has finite diameter, each horoball must contain a translate of 
G, hence some point of /i(X°) = Gh{F)] i.e. X is (—l)-connected in all directions. 

It remains to show that if p is not cocompact then there is a horoball HBgf'y) 
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disjoint from h{X^). There is a sequence {bm) in M such that inf d{h{X^), bm) > m 
for all m. Let e > 0. There are points am G h{X^) such that inf d{h{X^), bm) < 
d{am, bm) < inf d{h{X^), bm) + e, and translating each bm with the G-action if neces¬ 
sary we may assume that am G h{F). Pick a G h{F). Since the metric d is proper the 
space Ra of all generalized geodesic rays emanating from the base point a is compact. 
The points bm ^ M are represented in Ra by the unique generalized geodesic rays 
Urn ■ [0, cxd) —> M starting in a and ending at Um{oo) = bm- The sequence ( 0 ;^) 
has a limit point 7 G Ra, and we may assume it converges to 7 . If 7 ( 0 x 3 ) G M 
then the sequence {d{a,bm)) is bounded which contradicts the choice of {bm)- Hence 
7 (cx)) G (9M, i.e., 7 : [0, cx)) —> M is a geodesic ray. As {um) converges to 7 we 
hnd for each /c G IN a number N{k) > k with d{(jj]si[k){k), l{k)) < e. We abbreviate 
Cfc := uj]^(k){k) and observe that, as well as d{'y{k), c^) < e, we have also d{a, Ck) = k, 
since Ck is the parameter-/c-point on the geodesic segment from a to 6 v(fc) which has 
length d{a, bN{k)) + e > d{aN(k), &iv(fc)) > N{k) > k. 

We claim that for each point c G h{X^) the inequality 

d{a, Ck) < d{a, aN{k)) + d{c, Ck) + e 
holds. Indeed, this follows from 


d{a,bN(k)) < d{a,a]si(k)) + d{a]si{k),bN(k)) 

< d{a,aN{k)) + d{c,bN{k)) + ^ 

< d{a, aN{k)) + d{c, Ck) + d{ck, 6v(fc)) + e 

by subtracting d{ck, bN(^k)) on either side. It follows that for each c G h{X^) and each 
A; G IN 

d{c,'y{k)) > d{c,Ck) - d{ck,j{k)) 

> d{a, Ck) - d{a, aN(^k)) - d{ck, 'y{k)) - e 

> k — diamh(F) — 2e. 


This shows that none of the points of h{X^) is contained in the horoball 

H Hdiam h{F)+2e {l) - 


□ 


18 



13 Finitary Contractions Towards Endpoints 


Throughout this section X is a contractible G-CW-complex with hnite stabilizers 
and cocompact n-skeleton, M is a CAT(O) metric space, an action of G on M by 
isometries is given, and h : X —M is a G-equivariant control function. The main 
technical result in [BGj] was devoted to characterizing “GG"'“^ over a G M” in terms 
of the existence of a hnitary contraction towards a. We now consider hnitary con¬ 
tractions towards an endpoint e G dM in connection with the GG""”^ property over 
e. 


13.1 Shift and contractions towards e G dM. As in §5.2 we consider cellular 
maps / : D{f) —>• X, where D{f) is a subcomplex of X. The shift of f towards e G 
dM (or in the direction e) is dehned to be the continuous function shj^e ■ -D(f) M 
given by 

sh/,e(a:) := fd-yhf{x) - t5^h{x), 

where 7 is a geodesic ray representing e. By Proposition 11.2(a) this is independent 
of the choice of 7. By the dehnition of j3^ and the triangle inequality the shift is 
bounded by the displacement function 

(13.1) \ shf^e{x)\ <af{x), 

hence, just as for the shift towards a G M, the shift function has a global bound ||/|| 
if / is a bounded mapQ. 

By the guaranteed shift towards e G dM we mean 
gsh,(/) ;= inf sh/,e(£>(/))• 

Just as in §5.4 we hnd 

Sshgeigf) = gshe(/), all g eG. 

A cellular map 0 : X —>■ X is said to be a contraction towards e G dM (or in the 
direction e) if gshg(0) > 0. 

13.2 Prom contractions to The endpoint versions of the propositions 

in §5.3 have easier statements and proofs. Corresponding to Proposition 5.3 we have 
the observation that 

(13.2) gshg(0”^) > m gsh,(0) 

for each contraction 0 : X —>■ X and each m G IN. Corresponding to Proposition 5.5 
we have 


^^Recall from §5.1 that a/(x) := d{h{x), hf{x)) and ||/|| := supa/(D(/)). 
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Proposition 13.1 //X” admits a finitary contraction (p : X” —X” towards 
e G dM and e := gshg((;/)) then there is a number A > 0 and a eellular deformation 
tjj : X [0, cx)) — X"'+^ satisfying the Lipschitz condition 


(3^hfj{x, S 2 ) — l3^hif{x, si) > (s2 — si)e — A 
whenever si < S 2 , x E X”, and ■y is a geodesic ray with 7 ( 0 x 3 ) = e. 

Proof. As in the proof of Proposition 5.5 we define ifo : X" x J —> to be a 

finitary homotopy Idx" — <t> and take 'f’{x,t) := 'ipo^cp'^^x), s), where x G X"-, t G 

[0, CX)), and m is an integer with s = t — m E I. Dehne sh^Q_^(a;) := sup sh^Q^^(.^t)(a;). 

tel 

This time we note that for y := (0"^(a;), ti) and 2 : := (0™'(a;), t 2 ) with 0 < ti < ^2 < 1 
and X E X^, 


\p^htpo{y) - p^htpo{z)\ < \p^htpo{y) - /3^/i(0™(a;))| + \p^h{(l)'^{x)) - p^htpo{z)\ 

< I sh^o,e(0”'(a^))l + I sh^o,e(0”'(a^))l 

< 2i|^o||. 

li Si := mi + ti as above, with si < S 2 , it follows that 


(3.yh'llj{x, S 2 ) — (3.yhllj{x, Si) 


= p^htpo{(f>"'^{x),t2) - p^htpo{(l>"'^{x),ti) 

> p^ht/joicp^^ix),!) - pyht/jo{(j)"^^{x),0) -A\\t/jo 

= (x) — {x) — 4:\\ifo\\ 

= sh^m 2 -™i+i g(0”^i(a;)) - 4||^/>o|| 

> gshg(0'"2-mi+l) _ 4||.j^p|| 

> (m 2 - mi + l)e - 4||^/>o||, by (13.2) 

> (s 2 - si)e - 4||^/>o||- 


So we can choose A to be 4||'^o 


□ 


By a straightforward adaptation of the proof of Theorem 5.6 we get 

Theorem 13.2 If X is contractible with finite stabilizers and cocompact n-skeleton 
then the existenee of a finitary contraetion 0 : X" — X'^ towards e G dM implies that 
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X is CC"“^ over e with constant lag X = 4||'^o||, where 'ipo is any finitary homotopy 
Idx" — 0- 

□ 

There is a subtle variation of Theorem 13.2 which did not arise in the parallel 
case in §5 but will be needed in the inductive proof of the main result (Proposition 
14.3). 

Corollary 13.3 The existence of a finitary contraction : X" —> X'^ towards 
e G DM also implies that if X has cocompact {n + l)-skeleton and is CC'^ over e then 
it is so with constant lag X = 4||'^o||- 

Proof. Assume X is CC” over e with lag Aq and consider a map f : ^ 

Put e := gshg(0) and r := e“^Ao, and compose the deformation of Proposition 
13.1 with the map (/ x Id) : S'” x [0,r] — X(^e,t) x [Ojt]. By the Lipschitz condition 
of fj this yields a homotopy H : x [0, r] — X(^e,t-\) between / and a map f = 

r) : S"- ^ X(e t_|_Ao_A)- By the CC”-property of X over e, with lag Aq, f extends 
to a map /' ; 5"+^ — X(^e,t-x)- Now, the annulus S'” x [0,r] and the ball 5”+^ 
can be glued together along S'” x {r} to a topological (n + l)-ball B, and the union 
/ = Sf U /' is a map f : B ^ extending /. 

□ 

13.3 Passing to the closure of G-orbits. It is clear that if : X” —X” is a 

hnitary contraction towards e G dM then gcf) is a hnitary contraction towards ge, so 
that, by Theorem 13.2, X is over each e' in the G-orbit of e, with a nniform 

constant lag A. We improve this by establishing 

Proposition 13.4 The existence of a finitary contraction 0 : X” — X” towards 
e G dM implies that X is GG”“^ over every e' in c\dM{Ge), the closure of the G-orbit 
of e. Moreover, iffio is a finitary homotopy Idx" — 0 then any number X' > 4||0o|| 
is a constant lag, uniform for all P G claM(Ge). 

In the proof of Proposition 13.4 we will need the following 

Lemma 13.5 Let M be a CAT(O) space and e,r positive numbers. Then any 
number R > r(l + 2r/e) has the property that whenever 7 , 7 ' : [0, cx)) — M are 
geodesic rays starting at c E M then 

\fi-tip) - Py{p)\ <2e + d{-f{R),fi{R)) 
for every p G Bfic). 
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Proof. Applying Lemma 6.4 with a = 'j{t),b = 'j{R) and p' = c yields 
\d{c,'y{t)) - d{p,'y{t)) - d{c,'y{R)) + d{p,'y{R))\ < e. 

Hence passing to the limit t ^ oo we hnd 
\p^{p) - R + d{p,'y{R))\ < e, 

and similarly for 7 '. Subtracting the two inequalities and using the triangle inequality 
yields the lemma. 

□ 

Proof (of Proposition 13.4). We use the notation of the proof of Proposition 13.1. 
The proof of Theorem 13.2 starts with 0<p<n — 1, a map f : ^ X^, its 

extension to /i ; and a number t such that /(S*^) C X(.yq. The 

deformation ip is used to move /i to f[ : 5^+^ —where f[ := ip{fi{-),T), T 
being sufficiently large that f[{BP~^^) C The Lipschitz condition on ip shows 

that if e := gshg(0) then T = diam hfi{B^^^)/e will do. Let r be the diameter over 
M of the [0,T] track of fi^B’^^^), i.e. r := diam hip{fi{B'P^^) x [0,T]). The final 
map / ; X^ satisfies diam hf{BP'^^) < r and C Xp^^t-\)- 

The numbers A = 4||'^o||) ^ = gshg(0), T and r remain unchanged when e and 
(p are replaced by G-translates ge and gcp. This shows that for every g ^ G the 
given map f : ^ X^ can be extended to a map fg : B^~^^ X^^^ such that 

(i) diam /i/g(HP+^) < r and (ii) f{SP) C implies /g(HP+^) C X^^g^^^-x)- In 

words, (ii) says that the extension fg of / has lag A with respect to ge. 

Now choose a base point c G hf^S^). For all G G we have hfg{BP~^^) C Br{c). 
Let e' G cl(Ge) be represented by a geodesic ray 7 ' : [0, cx)) —> M with 7 '( 0 ) = c. 
Let z/ > 0 be an arbitrary small number, choose R > r(l + 2r/z/), and choose g & G 
such that if ge is represented by the geodesic ray 7 : [0, cx)) — M with 7 ( 0 ) = c, then 
d{'y'{R),^{R)) < V. Lemma 13.5 shows that 

\l3^i{u) — (Py{u)\ < 3z/, for all u G Br{c). 

This shows that the extension fg : B^^^ X^^^ of / : X^ has lag A + 3z/ with 

respect to e'. 

□ 

13.4 Contractions in a set of directions E C dM. We conclude this section 
with a further improvement on Proposition 13.4 and Corollary 13.3. 

Proposition 13.6 Let T : X'^ X^ be a locally finite G-sheaf and let E C dM 
be a closed set of endpoints with the property that for each e E E the sheaf T has 
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a cross section 0e : X'^ —> X'^ with inf{ gshg(0e)|e G E} = e > 0. Then there is a 
number A such that the following hold: 

(a) X is over each e' G c\qm{GE) with constant lag X 

(b) If X has cocompact {n + l)-skeleton and is CC^ over e' G GE then it is so with 
lag X. 

Proof. The lag for an individual endpoint e E E which we found in Corollary 
13.2 was 4||'^o,e|| where '^o,e was a hnitary homotopy Idx™ — 0e- Such a homotopy 
is obtained as a cross section of a homotopy of sheaves Td : JFq ~ JF, where JFq stands 
for the sheaf consisting of all identity maps Id^) with D C X'^ the domain of a 
member of JF; see Propositions 4.8 and 4.10. Since '^o,e is a cross section of TL, we 
have ||t/’o,e|| < ||Tf|| ;= sup{||Ff|| | H G H}. Therefore 4||7-f|| is a uniform lag for all 
e E E, and Proposition 13.4 shows that any number A > 4||7i|| is a uniform lag for 
all e' G U{ cl Ge I e G E}. Since E is closed in dM this set is cIqmGE. 

□ 
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14 Prom CC^ ^ over Endpoints to Contractions 

Let X, M and h be as in §13. We aim to construct finitary contractions from 
assumptions over endpoints. 

14.1 Vertex shift and defect of sheaves. Let JF : X ^ X be a locally 
finite homotopically closed G-sheaf. In §5.4 and §5.5 we introduced the maximal 
guaranteed vertex shift /ia(X|(j) and the defect da{J^\(T) on a cell a towards a point 
a G M. The same dehnitions apply with a ^ M replaced by an endpoint e G dM. 

Guaranteed vertex shift and defect in the direction e G dM are used to control 
the shift of a cross section 0 : X —X of JF on cr in the direction e. Just as in §5.5 
one introduces the total defect of JF on a in the direction e, and one proves 

(compare Proposition 5.7 and Remark 5.8): 

Proposition 14.1 Let e G dM. Then every loeally finite homotopieally elosed 
G-sheaf T : X ^ X has a eross seetion 0 : X —> X with 

sh<^,e(a;) > /ie(JF|a) - 5e{X\a) 

for eaeh eell c of X and eaeh x ^ a; and ean be chosen to he a Ge-map. 

□ 

14.2. Controlled embedding of sheaves into homotopically closed 
sheaves. We shall need the following embedding result 

Proposition 14.2 Let E be a elosed and G-invariant subset ofdM. Assume X is 
GG^~^ in all directions e E E with uniform constant lag \ > 0 depending only on E. 
Then for every X > A, any locally finite G-sheaf X : X^ ^ X^ can he embedded in a 
homotopically closed locally finite G-sheaf X such that de{X\a) < A' + dia.mhG{a), 
for all cells a of X"’, and all e E E. 

Proof. The argument is parallel to those in §6.2 and §6.4, in fact considerably 
simpler since the technicalities of §6.3 do not arise. Just as in §6.2 one starts by 

hxing an n-cell a of X and a cellular map / : G{(j) X and one proves that, given 
any e > 0, a hnite set of cellular maps G{a) X extending / can be chosen 

in such a way that for each geodesic ray 7 with 7 (cx)) = e E E there exist fe E S{a) 
with 


gsh.^(/e) > gsh..^(/) - diam/iG(a) - A - e. 

Note that we have used the assumption that E is compact and the fact that the 
Busemann function is continuous in 7 (Proposition 11.2). 
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We can now prove Proposition 14.2 by induction on n. When n = 0 the condi¬ 
tion on the defects is empty so we can refer to Proposition 4.5. By induc¬ 
tion, assume that ;= JF | ^ X^~^ is homotopically closed with 

de{X'^~^\T) < A'-|- diamhC'(r) for every cell r of X^~^ and all e & E. In order to em¬ 
bed JF in a homotopically closed sheaf we adjoin the sets S{a) constructed above to T. 
The set 5 '((t) depends on a; but for the G-translates go of a we do not have to choose 
S{g(j) anew but can put S{ga) := gS{a). This is because gsh.g^{gf) = gshg(/); see 

§13.1. In this way we have embedded JF in a sheaf JF ; X^ X” which is homotopi¬ 
cally closed, locally hnite and a G-sheaf; and T does satisfy the required condition 
on the defect. 

□ 

14.3 Obtaining contractions towards end points. Here is the converse to 
Proposition 13.6. 

Proposition 14.3 IjE C dM is a closed G-invariant subset and X is CC"'~^ over 
every e E E then there is a locally finite homotopically closed G-sheaf E : X^ ^ X” 
which admits, for each e E E, a cross section fie : X^ X^ with inf{ gshg(0e)|e E 
E} > 0. 

Proof. First we consider the case n = 0. For each vertex n of a hnite fundamental 
domain E C X"' and each end point e E E we use the GG~^ hypothesis to pick a 
map /g : {n} —X° with gshg(/g) = hff{v) — h{v) > 0. For e' E E sufficiently 
close to e, gshg,(/g) > 0. Since E is compact we hnd a hnite sheaf Eq : E^ ^ X° 
with p,e{Efi\v) > 0 for a[\ e E E and all v E E^. Since E^ and the stabilizers of the 
vertices v E E^ are hnite there are only hnitely many group elements g E G with 
gE^ n 7^ 0. By adding to Eq the maps gf for all f E Eq and a\\ g E G with 
gD{f) E E^ we hnd a hnite G-saturated sheaf Eq : E X° (in the sense of §4.2). 

By Propositions 4.1 and 4.3 E^ := GEq : X° X° is a locally hnite G-sheaf. 
Since it contains Eq and since fige{E^\gv) = pe{E^\v) we have fie{E^\x) > 0 for all 
e E E and all x E XO - in fact inf /ig(jF°|X°) > 0. The required cross section fie of 
JF° exists by Proposition 14.1. 

We proceed by induction on n, assuming that a homotopically closed locally 
hnite G-sheaf E : X^~^ ^ X^~^ has already been constructed, with cross sections 
fie : X^~^ X^~^ contracting towards e E E, and e := inf{ gshg(0g)|e G i?} > 0. 

The assumptions of Proposition 13.6(b) are then fulhlled (with n replaced by n — 1), 
so there is a uniform constant lag for the GG"“^-assumptions on X in all directions 
e E E. In this situation Proposition 14.2 applies and yields a number D with the 
property that every locally hnite G-sheaf E' : X"^ X” can be embedded into a 
locally hnite homotopically closed G-sheaf E' : X"^ X"^ with de{E'\a) < D for all 
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e G -E, and all cells a of X"'. 

We may alter the domain of T and write T : X” X”, noting that T \ X'^~^ : 
X'^~^ X”“^ (but perhaps not X) is homotopically closed. Let m be a positive 

integer such that m ■ e > D. The m-th iterate : X^ ^ X” is a locally hnite 
G-sheaf and thus, by the previous paragraph, can be embedded into a locally hnite 
homotopically closed G-sheaf T : X"^ X"^ with de{X\a) < D for all e G i? and all 

cells a of X”. Then the maps 0™ : X””^ —X”"^ are cross sections of X and, by 
(13.2), gshg^™ > m gshg((;/)e) > m ■ e. From the dehnition of the defect de{X\a) it is 
clear that each of the cross sections 0™ : X^~^ X”“^ can be extended to a cross 

section 0e : X^ X^ of the homotopically closed sheaf X with 

gshg(0e|C'(a)) > gshg(0™|G(a)) - de{T\a) 

> me — D > 0, 


for all cells a of X”. 

□ 


14.4 The main technical results. 

Theorem 14.4 If X is a contractible G-CW-complex with finite cell stabilizers 
and cocompact n-skeleton and if G acts on M by isometries then the following are 
equivalent for e G DM. 

(i) X” admits a G-finitary contraction towards e 

(ii) X is CC"'~^ in all directions el G claM(Ge) 

(hi) There is a locally finite homotopically closed G-sheaf T : X” X"" and a 
number e > 0 with 

IXe{tF\a) - 5e{IF\a) > e 
for all eells a of X^. 

Addendum. If (i)-(iii) hold then there is a constant lag \ > 0 uniform for all 
e' G cl(Ge) in (ii). 

Proof, (i) ^ (ii) is covered by Proposition 13.4 which yields a uniform constant 
lag A as required in the Addendum, (ii) ^ (i) is covered by Proposition 14.3. The 
implication (hi) ^ (i) is clear from Proposition 14.1. It remains to show that (i) 
implies (iii). We know that (i) implies (ii) with uniform constant lag A as described 
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in the Addendum. Let X' > X and let L > X' + diam hC{a) for all cells a of X". 
Let 0 : X'^ be a finitary contraction towards e. Then gshg(0) > 0, and for 

some m > 1 0™ is a hnitary contraction towards e with gshg(0™') > L; this uses 
Proposition 4.9. Then T' := G Res(0™) is a locally hnite G-sheaf with \ a) > L 
for all cells a of X”. By Proposition 14.2, using (ii) with uniform constant lag A on 
clsM{Ge), T' can be embedded in a homotopically closed locally hnite G-sheaf T 
with de{X I O') < A' + diam hC{a) < L for all cells a of X"^. Since fie{X \ cr) > L for 
all (j, (hi) holds. 

□ 

Remark. For any cell a of X and any X as above, the numbers /ie(X | a) 
and Se{X \ a) depend continuously on e G dM] this follows from Proposition 11.2; 
compare §5.4. Hence the inequality I o') — Se{X | o') > | which comes from 

(iii) of Theorem 14.4 for given e implies \ a) — Se'(X | o') > | for all e in 

some neighborhood of e. However, since there are inhnitely many a to be considered 

O 

one cannot conclude that S”(p) is open in dM with respect to the cone topology. 
Counterexamples are found in §§10.4, 10.7(B) and 10.7(C). 

Theorem 14.5 If X is a contractible G-CW-complex with finite cell stabilizers 
and cocompact n-skeleton and if G acts on M by isometries then the following are 
equivalent for a G-invariant closed subset E C dM. 

(i) X” admits G-finitary contractions 0e : X” —X” towards each e E E. 

(ii) X is GG"'~^ in all directions e E E. 

(iii) There is a locally finite homotopically closed G-sheaf T ; X” X” and a 
number e > 0 with 

He{X\a) - 5e{E\a) > e 
for all cells a of X"- and all e E E. 


Addendum. If (i) - (iii) hold then more is true. There is a locally finite homo¬ 
topically closed G-sheaf E ; X^ -w X” such that the maps 0e in (i) can be chosen 
to satisfy Res(0e) C T for all e and inf{ gshg(0g)|e G E} > 0; and (ii) holds with a 
uniform constant lag X in all directions e E E. 

Proof, (i) -v^ (ii) follows from Theorem 14.4. (iii) ^ (i) is immediate from 
Proposition 14.1. It remains to prove that (i) and (ii) imply (iii). Assuming (ii). 
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Proposition 14.3 gives the stronger form of (i) in the Addendum; and this implies the 
stronger form of (ii) in the Addendum (uniform constant lag A) by Proposition 13.6. 
Thus in proving (i) ^ (iii) we may assume the stronger forms of (i) and (ii). The 
proof runs parallel to the (i) ^ (iii) part of Proposition 14.4. Let L > A'+diam hC{a) 
for all cells a of X'^. For each e E E let (pe '■ X^ X"' be a hnitary contraction 
towards e, each 0e being a cross section of the sheaf E in the Addendum, and 
inf{gshg((;/)e) I e G E} > 0. By Propositions 4.7 and 4.9, each iterate 0™ is a hnitary 
contraction towards e and is a cross section of the m-fold composite sheaf T' ;= 

This is a locally hnite G-sheaf and, if m is large enough, [iJyE' \ a) > L for all cells 
a of X^ and all e E E. The rest of the proof is similar to the corresponding proof in 
Theorem 14.4. 



15 Proofs of Theorems E-H 


15.1 Dynamical characterization of S”(p). 

Proof of Theorem E. This is the equivalence of (i) and (ii) in Theorem 14.4. 

□ 

15.2 Openness using the Tits distance topology. Recall from §5.1 that the 

norm of a cellular map 0 : X'^ is ||0|| := sup{d{h{x), hcfi^x)) \ x G X^}, and 

that 0 is said to be bounded if ||0|| < oo. Recall from §10.3 that 0 is a contraction 
towards e G dM if there is a number e > 0 such that sh(^_e(2^) > e for all x G X” 
(see §13.1 for sh 0 ^e(a^))- 

Proposition 15.1 Let (f he a bounded eontraetion towards e G dM. There is a 
neighborhood N of e in {dM, Td) sueh that 0 is also a bounded eontraetion towards 
every e' G N. 

Proof Let 7 and 7 ' be geodesic rays representing e and e' G dM such that 
7 ( 0 ) = 7'(0). Let a{t) be the angle at 7 ( 0 ) in the geodesic triangle whose other 
vertices are 7 (t) and 'yft). With notation as in §11.4, it is shown in [BrHa, III 3.4] that 
a{t) < Z(e,e') and limQ;(t) = Z(e,e'). By Euclidean geometry sin ^ 
so 


d{a{t),'y'{t)) < 2 tsin 



The right hand side of this inequality is independent of the base point 7 ( 0 ). 

Let e > 0 be such that sh(^^e(a;) > e for all x G X'^. We apply Lemma 13.5 (with 
I replacing e in that lemma, and r = ||0||). Letting R = ||0||(1 + iZMi]) _|_ that 
lemma implies that for any x G X" and any p G B\\^\\{h{x)) we have: 

IP'tip) - Py{p)\ < ^ + d{-f{R),i{R)) 

where 7 ( 0 ) = 7'(0) = h{x). Thus if e' is chosen so that Z(e, e') < 2 arcsin(^) we 
hnd 


sh^^e{x) - sh^^e'{x)\ = |0..yh0(a;) - h0(a;)| 


<f 


+ 


— R 
3R^ 


3 • 


This shows that sh.^^e'{x) > | for all x G X”. 
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□ 


Parallel to Proposition 7.3 we have (when hp is chosen continuously in p) 

Proposition 15.2 Let tF : X ^ X be a loeally finite homotopieally elosed G- 
sheaf. Then and are jointly continuous in the variables (p, e) G 

Honi(G, Isoni(M)) x dM, where DM has the cone topology. 

Of course this remains true if dM has the hner Tits distance topology. 

Proof of Theorem F. For fixed p, openness in e follows from Proposition 15.1 and 
Theorem 14.4. If p is permitted to vary and hp is chosen continuously in p, the same 
proof works, in view of Proposition 15.2. 

□ 


15.3 Openness in p using the cone topology on DM. 

Proof of Theorem G. Let p G Hom(G, Isom(M, i7)) be such that one and hence 
all of the Conditions (i)-(iii) of Theorem 14.7 hold. Since p,ge{X \ ga) = I cr) 
and dgfir \ ga) = Se{X \ a) for all p G G the inequality in Condition (iii) need only 
be considered for a (hnite) set of representatives of the G-orbits of cells in The 
parameter range e G i? is compact and hence the condition (with e replaced by |) 
remains true if p is subject to a small perturbation, in view of Proposition 15.2. 

□ 

15.4 Endpoints versus points in M. Theorem H follows from the Invariance 
Theorem 12.1 and 

Theorem 15.3. Let X be a contractible G-CW-complex with finite cell stabilizers 
and cocompact n-skeleton. If h : X ^ M is an equivariant control function over an 
almost geodesically complete CXI if))-space M then the following are equivalent 

(i) X is CC^~^ in all directions e G dM 

(ii) X is uniformly GG”“^ over M. 


Proof, (ii) ^ (i) is easy and is left to the reader. We prove (i) ^ (ii). Let 
JF ; X" X*^ be the sheaf given by (iii) of Theorem 14.5 for E = dM. Let 
r := ||JF||, let v be an arbitrarily small positive number and choose S > r(l + 2r/v). 
Let p > 0 be the number given by the dehnition of “almost geodesically complete” 
in §10.5. We may assume z/ < 1 and p > 1 and put R := pS/u. Now we fix a base 
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point a & M and consider any x G X" with d{a,h{x)) > R. By assumption there 
is a geodesic ray 7 : [0, cx)) —M with 7 ( 0 ) = h{x) and d{a,'y(T)) < jj, for some 
T G [0, CX)). We put e := 7 (cx)) and we compare the shifts shj^a(a^) and for 

all / G X. 

Since R> S > r(l + 2r/z/) Lemma 6.4 applies. We apply it, in fact, twice, each 
time taking c = p = h{x) and p' = hf{x). The first application is for the point 
■y(t) ^ Bs{c) and yields 

I sh/,T,(t)(cr) - shj,^(s)(a;)| < z/. 

Taking the limit t ^ 00 this becomes 

(15.1) I sh/,e(a:) - sh/,^( 5 )(a;)| < u. 

The second application is for the point a ^ Bs{c) and yields 

(15.2) \shf^a{x) - sh/,b(a;)| < z/, 

where b is the point on the geodesic segment from c to a with d{c, b) = S. In 
order to get a bound on d{'y{S),b) we have to compare the two isosceles trian¬ 
gles {a,c,'y{d{a,c))) and ( 6 , 0 , 7 ( 6 ')) with the corresponding Euclidean ones. Since 
d{a, 'y{d{a, c))) < d{a, ''y{T)) + \T — d{a, c)| < 2d{a^'y{T)) < 2/i we hnd ^( 7 ( 6 '), b)/S < 
2p/d{a,c) < 2/i/i?, and hence ^( 7 ( 6 '), 5) < 2u. By (5.7) it follows that 

(15.3) I sh/,^( 5 )(a;) - sh/,fe(a;)| < 4z/, 
and hence, from the conjunction of (15.1) - (15.3), 

(15.4) I shf^e{x) - sh/,a(a))| < 6 z/. 

We use (15.4) to compare defect and maximal guaranteed vertex shift towards a E M 
and e G dM. Choosing u sufficiently small compared with e (as given in (iii) of 
Theorem 14.5) we hnd - details left to the reader - 

|/ie(X I a) - Pa{T I ^)l < I 

and 

|5e(X|a)-(5„(X|a)|<| 
and therefore 

lha(X I a) -5a{R I ^)l > I 

for all cells a of X” with h{C{(j)) fl Bii{a) = 0. By Theorem 6.8 this establishes that 
X is uniformly CC^~^ over M. 

□ 

We remark that Theorem 15.3 for n = 0 recovers Theorem 12.2 (under the as¬ 
sumption that M is almost geodesically complete). 
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